We compute an invariant counting gradient flow lines (including closed orbits) in S 1 -valued Morse theory, and relate it to Reidemeister torsion for manifolds with χ = 0, b 1 > 0. Here we extend the results in [6] following a different approach. However, this paper is written in a self-contained manner and may be read independently of [6] .
Introduction
This paper is a sequel to our work [6] ; we extend the results in [6] following a different approach, which is more geometric and perhaps conceptually simpler. It is written in a self-contained manner. In this paper, we define an invariant counting gradient flow lines (including closed orbits) of a circle-valued Morse function on an n-dimensional closed manifold, and prove its equivalence to a variant of Reidemeister torsion defined by Turaev [15] . We assume the manifold has b 1 > 0 and χ = 0.
It has long been known that algebraic counting of closed orbits in a continuous dynamical system is often related to the Reidemeister torsion. For the vast literature on this topic, see for example [4, 11] and references therein. For instance, in [4] Fried showed that for nonsingular, Axiom A, no cycle homologically proper flows, a twisted Lefschetz Zeta function may be defined which counts the closed orbits of the flow with their homology classes. Though it is defined explicitly via the flow, it is surprisingly independent of the flow to a large degree, and may be shown to equal a version of Reidemeister torsion. For singular flows, however, the Zeta function is no longer invariant under deformation of the flow. We show that for gradient flows of an S 1 -valued Morse function, the proper analogue (in the sense of homotopy invariance) of the twisted Zeta function is the counting invariant I, which is roughly the product of the twisted Zeta function and the torsion of the equivariant Morse complex.
However, our prime motivation came from the conjectural correspondence between solutions to the Seiberg-Witten equations and configurations of gradient flow lines (Cf. [6, 7] ). Application of our theorem to the three-dimensional case yields the equivalence of the Seiberg-Witten invariants of three-manifolds and Turaev torsion, up to the highly likely Conjecture 1. An averaged version of this equivalence is proved by Meng and Taubes [10] via surgery formulae for the Seiberg-Witten invariants. For other relations of torsion to Seiberg-Witten theory, see e.g. [3] .
Statement of Results
Throughout this paper we assume that X is a compact oriented n-dimensional manifold with (1) positive first betti number (2) zero Euler characteristic. By (2) , the Turaev torsion is defined. Let f be an S 1 -valued Morse function on X, f : X → S 1 . The pullback of a generator of H 1 (S 1 ; Z) gives an element in H 1 (X; Z), which we denote by θ. By (1), we may assume θ = 0 to avoid triviality. For simplicity, assume X is closed. The result in this paper may be easily extended to the case with boundary, with the additional assumption that at the boundary ∇f is nonvanishing and tangent to the boundary, by the same arguments as in [6] section 3.7, or by simply checking the arguments below work in the case with boundary also.
LetX be the maximal abelian covering of X with the covering group H 1 (X), which we abbreviate as H 1 . f induces an R-valued Morse functionf onX. The downward gradient flow of this functionf onX induces partially defined maps ϕ k fromΣ :=f −1 (0) to t kΣ :=f −1 (−2kπ), where 0 is a regular value of f . The domain of ϕ k is the complement of the intersection of the ascending manifolds from critical points betweenΣ and t kΣ with Σ, and the range of ϕ k is the complement of the intersection of the descending manifolds from critical points with t kΣ .
Throughout this paper we assume:
1. The fixed points of the maps ϕ k are nondegenerate.
2. The ascending manifolds and the descending manifolds from the critical points inX intersect transversely away from the critical points.
We call an S 1 -valued function admissible if it satisfies Assumptions 0-2. By a standard transversality argument, these assumptions hold if f and the metric are generic.
The gradient flow lines of f of finite length consist of closed orbits and open paths between critical points. Note that the admissibility of f implies that there is no closed orbit passing through a critical point. Let Nov(H 1 ) be the Novikov ring of the group H 1 with grading given by −θ (cf. [5] ), namely, the ring of Z-valued functions on H 1 finitely supported on the region {x ∈ H 1 , −θ(x) ≤ C}, for arbitrary number C, with the convolution product. We define the following function which counts closed orbits in the gradient flow.
is the homology class of γ (oriented by −∇f ) and ǫ(γ) is the Lefschetz sign.
Alternatively, if a splitting H 1 = V ⊕ Z is chosen with V := Ker θ the isotropy subgroup of f , and if t is the generator of the Z component in the "downward" direction, i.e. θ(t) < 0, then Nov(
, and
Here Fix counts the fixed points in a fundamental domain with signs, using the splitting of
In section 2.3 we introduce the torsions used in this paper. Usually, the Reidemeister torsion of a manifold is defined as an element in Q(Z[H 1 ])/ ± H 1 (see e.g. [10, 4] ), where
is the quotient ring of Z[H1]-its localization along non-zerodivisors. The quotient by ±H 1 is there to get around the ambiguities in ±H 1 due to different choices of preferred bases. Turaev [15] showed that the sign ambiguities may be resolved by choosing a homology orientation, namely an orientation of i H i (X; Q), and the ambiguity in H 1 may be eliminated by specifying an Euler structure (defined in §2.2). We denote the set of all Euler structures by Eul(X); it is an affine space over H 1 . Given a homology orientation o,
On the other hand, there is a Morse-Novikov complex M f * of Nov(H 1 )-modules associated to f , which counts gradient flow lines between critical points. We may similarly define the torsion of the Morse-Novikov complex τ (M f ; o), which is an H 1 -equivariant map from Eul(X) to the quotient ring of Nov(H 1 ), Q(Nov(H 1 )).
Definition 2 Define the counting invariant I(X; o) to be the
Note that the above definition of I depends explicitly on the gradient flow of f ; however, the following lemma asserts that it is homotopy invariant.
Lemma 1 I depends only on the cohomology class
The idea of the proof appeared in [6] ; more details will appear in a future paper. However in this paper we shall not make use of this lemma.
The main result in this paper is Since the Zeta function has leading term 1, we obtain the following corollary.
, where u is an element in Nov(H 1 ) × with leading coefficient 1.
A result of Pajitnov [12] implies that u has leading coefficient in ±V . The statement of Theorem 1 makes sense when df is replaced by a generic closed 1-form µ and the Novikov ring is graded by −[µ]. We believe we can extend Theorem 1 to this case by approximating the closed 1-form by closed 1-forms in rational cohomology classes. Details will appear later.
Application to Seiberg-Witten Theory
In section 4, we apply the above result to the three-dimensional case.
In view of its application to the 3-dimensional Seiberg-Witten theory, we restrict our attention to the special case where the circle-valued Morse function f has no local extrema.
Let X be a 3-manifold with b 1 (X) > 0, χ(X) = 0. Let SW 3 (X; o) be the Seiberg-Witten invariant for the 3-manifold X, viewed as a Z-valued function of the Spin c -structures on X. We can also define a counting invariant of S 1 -valued Morse functions on X, I 3 (X; o), which is a Z-valued function on the space of Spin c -structures on X. (Cf. section 4.) We slightly refine Conjecture 4.3 in [6] by specifying the signs:
Conjecture 1 Given a homology orientation o of X, we have
Note that when b 1 (X) = 1, SW 3 denotes the Seiberg-Witten invariant in the Taubes chamber, where the perturbation r * df goes to infinity: r → ∞. As explained in [6, 7] , Conjecture 1 may be viewed as a 3-dimensional analogue of Taubes' Seiberg-Witten=Gromov theorem [14] .
In the 3-dimensional case, Turaev [15] showed that i(τ (X; o)(ξ)) ∈ Nov(H 1 ), rather than in the quotient ring. (This also follows from Theorem 1, Cf. section 4. And for
where (0) means evaluation on 0 ∈ H 1 . The following corollary of Conjecture 1 and Theorem 1, which was conjectured by Turaev, identifies the Seiberg-Witten invariant of 3-manifolds.
Corollary 2 (Assuming Conjecture 1.) Identifying the set of all Spin
c -structures on the 3-manifold X and the set of all Euler structures by the canonical isomorphism ι described in section 4, we have
as functions of Spin c -structures on X, for an arbitrary homology orientation o of X.
This strengthens the Meng-Taubes theorem [10] , which is an average version of the above corollary prior to the refinement by Euler structure. At the same time, combining our result with the Meng-Taubes theorem confirms that a weakened version of Conjecture 1 holds in which we sum over Spin c -structures that differ by torsion elements in H 1 . Here is an "executive summary" of the three-dimensional situation:
Counting flow lines = Turaev torsion
Seiberg-Witten
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Preliminaries 2.1 Notations and Conventions
We denote by Q(R) the total ring of fractions of the ring R. When it is not important to specify the ring R, we write Q = Q(R). Given a critical point of the Morse function with index i, we call the i-dimensional manifold which consists of the set of points in X that can be reached by downward gradient flows from that critical point the "descending manifold" from the critical point. The n − i dimensional manifold of points that can be reached by upward gradient flow is the "ascending manifold". We may similarly define the ascending and descending manifolds of any chain in X. The intersection of the descending manifold with a level surface is a "descending slice", and similarly for "ascending slice". We use D(c) to denote the descending manifold from the chain c. The ascending and descending slices from a critical point p are denoted by U p and D p . The level surfaces Σ = f −1 (a), a ∈ R, are oriented such that T X Given an element g in a covering transformation group G, we use g to denote the element in R[G] corresponding to g, and let g(c) denote the deck transformation of the chain c corresponding to g.
We will frequently drop universally appearing sub-or super-scripts without warning.
Euler Structures on Manifolds
(a) An Euler structure [15] on X is a nonsingular vector field on X, modulo: two such vector fields define the same Euler structure if their restrictions to the complement of a ball in X are homotopic through nonsingular vector fields. Let Eul(X) denote the set of Euler structures. By obstruction theory Eul(X) is an affine space modeled on H n−1 (X; π n−1 (S n−1 )) = H 1 (X). (Euler structures exist because χ(X) = 0.) (b) Given a vector field v with 2m nondegenerate zeroes, an Euler structure is equivalent to a homology class of 1-chains γ consisting of m paths from zeroes with negative signs to zeroes with positive signs. The Euler structure as in (a) is obtained by cancelling the zeroes of v in a neighborhood of γ. The choice of γ is equivalent to a lifting of v −1 (0) toX, modulo a certain equivalence relation. See [15] , the last paper section 5.2. In other words, if H 1 (X, v) denotes the set of homology classes of all such γ's, then there is an equivariant isomorphism i v : H 1 (X, v) → Eul(X). Furthermore, there is a natural way to extend this isomorphism to nonvanishing vector fields, which maps 0 ∈ H 1 (X, v) = H 1 (X) to the Euler structure represented by v.
(c) Given a triangulation of X, there is a natural vector field with a nondegenerate zero of sign (−1) i in the barycenter of each i-cell (see e.g. [15] , [13, p. 612] ). So by (b) an Euler structure is given by a lifting of the cells toX, modulo a certain equivalence relation.
Torsion
(a) Let (C * , ∂) be a finite complex of finite dimensional vector spaces over a field F . The standard short exact sequences 0
where 'det' denotes top exterior power. Combining these gives
If each C i has a volume form on it, the Reidemeister torsion τ (C * ) ∈ F is defined as follows. If (C * , ∂) is not acyclic, τ (C * ) = 0. Otherwise the volume forms give an element of the LHS of (2.1). Send this to the RHS to get an element of F ; this is τ (C * ). Practically, here is how one calculates torsion: Let v = {v 1 , v 2 , . . . , v n } be a basis for a n dimensional vector space and w = {w 1 , w 2 , . . . .w n } be another basis. Let [v/w] denote det(t ji ), where the matrix (t ji ) is defined by v i = t ji w j . Let c i be an ordered basis for C i giving the volume forms, and b i a lifting of a basis for B i−1 in C i ; i.e., ∂b i is a basis for B i−1 . Since H i = 0, the union of ∂b i+1 and b i (in that order) is a basis for C i , which we denote by (∂b i+1 , b i ). We then have
(b) Let R = q F q be a finite sum of fields. Let (C * , ∂) be a finite complex of finitely generated free R-modules with distinguished ordered bases. By (a) we can define 
Note that τ (X; o) is H 1 -equivariant. It is also independent of the cell-structure ( [11, 2] ). H 1 )) . Imitating (c) we define the torsion of the Morse-Novikov complex, which is an (H 1 )) ).
Proof of Theorem 1
Taking the logarithmic derivative of both sides (with respect to t), the theorem reduces to an equivariant fixed point formula which is provable using an equivariant version of [6] ( [7] ). However to recover the theorem from the fixed point formula we need to check that the leading terms agree. In [6] this is done by observing that, up to multiplication by elements in Z((t)) with leading term 1, the torsion of the manifold agrees with the torsion of the Morse-Novikov complex (both were defined as reduced versions of those in the present paper), because both complexes have the same homology. But when H 1 contains torsion, the simple homotopy type is finer than the homotopy type, and the more sensitive Turaev torsion is no longer determined by the homological data. Nevertheless the corresponding statement (Corollary 1) is still true. We show this by geometrically decomposing X (section 3.1), very roughly, into the descending manifolds of the critical points and the mapping torus of ϕ. In the calculation to prove Corollary 1, the proof of all of Theorem 1 suddenly falls out (sections 3.2-3.3).
A Nice Cell Decomposition of X
Here we describe a cell decomposition of X compatible with the gradient flow of the S 1 -valued Morse function f . Suppose f is admissible. Let Σ = f −1 (0) be a regular level surface of f . Start by choosing a cell decomposition of Σ with associated cell chain complex:
We may choose this cell decomposition so that it is compatible with the flow: namely, the first descending and ascending slices from the critical points are cell-chains under this decomposition, and the cell-structure of a neighborhood of the union of the (first) descending slices is that which is induced by the flow from the cell-structure of a neighborhood of the union of the (first) ascending slices. The downward gradient flow induces a system of maps ϕ b,a from f −1 (a)\ ∪ p U p to f −1 (b)\ ∪ p D p which are continous with respect to the parameters a and b when they are not critical values, and satisfy the compatibility condition ϕ c,a = ϕ c,b ϕ b,a . Here p indexes the critical points in f −1 (b, a) and U p and D p are the ascending and descending slices from the critical point p. a, b are arbitrary real numbers with b < a. We denote the "return map" ϕ −2π,0 by ϕ. Letφ be a cellular approximation of ϕ, relative to a neighborhood of U p . Let ǫ > 0 be a small postive number such that there is no critical value in [−ǫ, 0], and let h : [0, ǫ] × Σ → Σ be a homotopy from ϕ toφ. One may modify the system of maps above by replacing ϕ −2π,−a , a ∈ (0, ǫ), by h(a, ·) • (ϕ −a,0 ) −1 away from the neighborhood of U p , and leaving the map unchanged in the neighborhood. By abuse of language, we call this the "perturbed flow" associated toφ. It makes sense to talk about descending or ascending manifolds (or slices) under the perturbed flow, and the closed orbits of the perturbed flow are the fixed points ofφ k . Now a cell-decomposition of X may be obtained as follows: given an i-cell ∆ ∈ σ i , we assign an (i + 1)-cell∆ in X to it by flowing it down via the perturbed flow. That is, ∆ := D(∆) ∩ f −1 (−2π, 0). (From this point on all descending manifolds or slices are those of the perturbed flow.) Denote the free Z-module spanned by all such∆ byσ i . The cell decomposition of X consists of all ∆ and∆, together with, for each critical point p, cells comprising D(p) ∩ f −1 (−2π, 0). We denote the free Z-module spanned by all i-cells of the latter type (regardless of the index of p) by dsc i . (These cells can be chosen compatibly withσ if the decomposition σ is generic.) The cell chain complex associated with this cell decomposition is
Choose a splitting H 1 = V ⊕ Z as in section 1, where V = Ker(θ), and let t be the "downward" generator of the Z component. If we lift the cells toX as in section 3.2, then the boundary maps in C(X) have the form
where ∂ σ denotes the boundary map in C * (Σ), φ =φ * , and M i , N i , W i and φ i are matrices with Z[V ] entries. While the perturbed flow makes the torsion computable, it doesn't correspond to an admissible Morse function. But it "approximately" does when:
Definition 3 ϕ is "k-generic" if it is homotopic to ϕ rel a neighborhood of the first k ascending slices of the critical points.
A k-generic ϕ has two important properties: (i) BetweenΣ and t kΣ , the ascending and descending manifolds from the critical points intersect transversely (because f is assumed admissible); (ii) For j ≤ k, ϕ j and ϕ j have the same number of fixed points (counted by their homology classes as in equation (1.1) and using [1, ch. 4 ] to count possible degenerate fixed points of ϕ j ), because the boundary of the graph (which is a union of ascending slices of critical points cross descending slices, cf. [6] ) does not cross the diagonal in Σ × Σ during the homotopy. For any k, we can find a k-generic perturbed flow by choosing a fine enough cell-decomposition of X compatible with the gradient flow.
The proof, modulo bogus simplifying assumptions
We first set up the proof. Note that an Euler structure has the following two alternative descriptions: (i) a lifting of the critical points modulo some equivalence relation (section 2.2 (b)) (ii) a lifting of the cells modulo some equivalence relation (section 2.2 (c)). With respect to the cell decomposition described in section 3.1, we have:
Lemma 2 (i) and (ii) correspond to the same Euler structure if (but not only if ) the following compatibility conditions are satisfied: (1) In (ii), for each critical point p, the lifts of the cells in
D(p) ∩ f −1 (−2π, 0) come from a continuous lift of D(p) ∩ f −1 (−2π, 0), such
that the lift of p is given by (i). (2) In (ii), the lift of ∆ ∈ σ i is adjacent to the lift of∆.
Since both sides of the formula in Theorem 1 are H 1 -equivariant, it suffices to prove it for a fixed Euler structure ξ. We choose to work with ξ such that in description (i), the lifts of the critical points fall betweenΣ and tΣ; by Lemma 3 we can choose its description (ii) satisfying conditions (1) and (2) above, and such that the lifts of adjacent cells in σ differ by elements of V .
Similarly, there is an isomorphism from the space of orientations of the Morse-Novikov complex to the space of orientations of i C i (X), which in turn is isomorphic to the space of homology orientations of X (section 2.3): Suppose c is an orientation of the MorseNovikov complex. c induces an orientation of the subcomplex in C * (X) coming from the subdivision of the union of all descending manifolds from the critical points. We can choose an arbitrary orientation of σ i , which induces an orientation ofσ i . These together determine an orientation of i C i (X), which does not depend on the choice of orientations of σ i .
Let ψ q be the projection down to the field component F q of Q(Nov(H 1 )). Let M ψq * := M * ⊗ Nov(H 1 ) F q . Theorem 1 boils down to the following claim:
Note that C * (X) ⊗ Z[H1] F q and M ψq have the same homology. (See e.g. [6] , Corollary 2.5.) Thus either neither complex is acyclic, in which case there is nothing is prove, or both are, which we assume from now on. It is understood in the following that we work with a fixed field component of Q (Nov(H 1 )) , and the ψ q 's and F q 's are omitted.
In the rest of this subsection we make some false assumptions to illuminate the basic ideas of the proof. They will be eliminated in the next subsection.
Temporary Assumption. 1. The perturbed flow is ∞-generic. 2. In the cell-decomposition in section 3.1, the descending manifolds are not subdivided.
Following the recipe for computing torsion given in section 2.3 (a), we have to choose bases b i for certain subspaces of C * (X). Let λ i be a set of dim(
. Let ν i be the other index i critical points. Take b i :=σ i−1 ⊕ λ i . We need to check that b i is a lift of a basis for B i−1 ⊂ C i−1 (X). Since the Morse complex is acyclic, b i has the right cardinality, so we just need to check that∂ i is injective on the span of b i . This will follow from the calculation below.
The determinants [b i , ∂b i+1 /c i ] are of the form:
, and by (3.2) the t k term of K i (p) picks out the beginnings of descending manifolds of critical points in t k ν i in ∂ D(p).
So we have (sort of)
The Real Proof
In this subsection we delete the Temporary Assumptions in the previous subsection, but we continue with the same setup, with an implicit fixed F q . Let π k denote the first k+1 terms of a Laurent series with leading order l, i.e. π k (
We just have to show that
for all k. Let l i be the leading order of det K i , and L := Max i (l i ). Choose an (L + k)-generic ϕ. By the remarks following Definition 3, (i) π k det(K) and π k det(K −1 ) are equal to
We need to deal with the fact that the descending manifolds got subdivided in the celldecomposition in section 3.1. We can always choose bases for dsc i , such that the descending manifolds themselves are still basis elements. 
Here J i is a matrix with entries in Z with det J = 1: if all the descending manifolds are disjoint from each other, then J is just the identity matrix. In general, cells in higher dimensional descending manifolds have boundaries only in lower dimensional descending manifolds (betweenΣ and tΣ, by 1-genericity) and if one arranges the ordering of the basis β i according to the indices of critical points, J is upper triangular. Therefore
where
, since the difference K ′ −K is a sum of terms involving t j+1 yφ j M , which may be nonvanishing only when the descending slices intersect descending slices non-transversely; by assumption, this occurs only for j > k + L.
On the other hand,
Tr(A j )t j /j) and the extra term −xJ −1 y modifies the maps φ j only near the boundaries of the graphs; but this is far from the diagonal for j ≤ k + L.
These two observations and (3.7) give (3.5), so Theorem 1 is proved.
(for real)
The 3-Dimensional Case and Seiberg-Witten Theory
We first briefly review here the background for Conjecture 1. Again let X be a closed oriented smooth 3-manifold with b 1 (X) > 0, and let S be the spinor bundle over X associated to a fixed Spin c -structure. The perturbed Seiberg-Witten equations, in the notations of [8] , reads
For a review of the Seiberg-Witten theory on 3-manifolds, see for example [10, 9] . We take for the perturbation ω = r * df , where * denotes the Hodge dual and f is a harmonic S 1 -valued function. r is a real parameter.
Perturb f a little to make it an admissible Morse function without extrema. Since χ = 0 there are the same numbers of index 1 and index 2 critical points. The gradient flow lines of this S 1 -valued Morse function are either closed orbits or paths between index 1 and 2 critical points; we orient the gradient flow lines according to the direction of the gradient flow.
Taking r → ∞, one expects the energy of the Seiberg-Witten solutions to concentrate along sets of gradient flow lines of f , and that the Seiberg-Witten invariant is equal to a certain weighted count I 3 of the "configurations of gradient flow lines". (See e.g. [14, 7] However below we give a more concise, equivalent definition of I 3 . Let P lm be the set of open paths between critical points l and m, and O be the set of closed orbits, under the gradient flow (oriented downward). Define the path matrix P with entries in Nov(H 1 (X, p p) (where p indices all the critical points and the grading is minus intersection number with Σ) to be P lm := where ǫ is the Lefschetz sign, and the determinant is computed using the orientation on the Morse-Novikov complex determined by o as in section 3.2. Let S(X) be the set of all Spin c structures on X. There is an isomorphism j v : S(X) → H 1 (X, v) defined as follows (cf. [6] ): Observe that away from the critical points, the Clifford action of ω splits a spinor bundle associated to a Spin c structure s into eigenspaces S = E ⊕ (E ⊗ K −1 ), where K −1 is defined as the subbundle of T X annihilated by df . Let j v (s) := P.D. (c 1 (E) ). Now define On the other hand, given a nonsingular vector field u over X representing an Euler structure, the tangent bundle splits as
This reduces the structure group of T M to U (1) = U (1) ⊕ (1) ⊂ U (2), and gives rise to the following:
Lemma 3 For three-manifolds, there is a canonical H 1 -equivariant bijection ι from S(X) to Eul(X).
There are two possible conventions for ι, differing by the "charge conjugation" involution on S(X). There are also two possible conventions for j v , because there are two conventions for the spinor bundle associated to a Spin c -structure. But in Corollary 2 it doesn't matter which convention we choose, because SW 3 (X; o) is charge conjugation invariant [10] . If we choose the conventions compatibly, then the following diagram commutes: But this is clear; since M * has 2 terms, its torsion corresponds to det(P ).
